We consider the self heating process in a two dimensional spatially dependent model of a compost pile which incorporates terms that account for self heating due to both biological and oxidation mechanisms. As moisture is a crucial factor in both the degradation process and spontaneous ignition within a compost pile, this model consists of four mass-balance equations, namely, energy, oxygen, vapour and liquid water concentrations. Analyses are undertaken for different initial water contents within the compost pile. We show that when the water content is too low, the reaction is almost negligible; whereas when it is too high, the reaction commences only when the water content evaporates and the water ratio drops to within an appropriate range. However, for an intermediate water content range, the biological reaction is at its optimum and there is a possibility of spontaneous ignition within the compost pile.
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Biological activity is known to work efficiently in the elevated temperature range of 50
• C to 90
• C which can occur within a few months or even a few days [8] . It has been recognised for almost thirty years that ". . . biological heating may be an indispensable prelude to self ignition" [2] . However, mathematical modelling for investigating the spontaneous combustion of compost piles due to biological self heating is very limited.
Moisture is also one of the key factors for sustaining the biological reaction within a compost pile, with its optimal content for biological activity believed to be between approximately 40 and 60 percent of the water-to-compost weight ratio [7, 12, 17] . This is because, when there is too little moisture, the metabolism of microorganisms cannot be sustained. On the other hand, when there is too much moisture, the metabolism of micro-organisms is inefficient. Furthermore, any rise in temperature is accompanied by evaporation.
Sidhu et al. [20] developed and investigated a spatially distributed model for both biological and chemical self heating, with oxygen consumption but without moisture content. Moraga et al. [15] showed explicitly from their experimental data of a sewage sludge pile that the model by Sidhu et al. [20] provides reasonable predictions of temperature increases within the pile. Luangwilai et al. [13] extended the model of Sidhu et al. [20] by including the effects of moisture content on the behaviour of a compost pile in a one dimensional model. The current investigation extends the study further to a two dimensional model. We investigate the behaviour of temperature profiles within the pile for different initial moisture-to-compost weight ratios.
Governing equations
We consider a two dimensional model with the geometry of an infinite trapezoidal slab (that is, an infinitely long slab) with thickness (width) L, and height H (Figure 1 ). This trapezoidal configuration has been widely used in both coal and compost models [1, 15] and is one of the common configu- rations for industrial composting. An industrial compost pile size can vary between 6 m and 30 m in both height and width, and a few hundred metres in length [7, 17] . Following the work of Krajčiová et al. [11] , the angle at the base of the slab is set to 60 degrees, as in the coal model.
In this investigation, depletions of cellulosic materials and biomass, and interphase (solid particles and gas) temperature gradients are ignored as we believe their effects are negligible for large compost piles as well as for the range of temperatures considered in this study. Therefore, a single temperature is used to describe local behaviour, that is, the compost pile is assumed to be at a local thermal equilibrium which is a common assumption made for porous media and packed particle beds [16] .
To investigate the effects of moisture within compost piles, we extend the C38 basic model of Sidhu et al. [20] ; that is, Equations (1) and (2) that describe the temperature and oxygen distributions within the pile, respectively, to the equations describing the liquid and vapour concentrations (Equations (3) and (4), respectively). Hence, the governing equations describing the temperature T , oxygen concentration O 2 , vapour concentration V, and liquid water concentration W, in the 0 x L and 0 y H domains are as follows.
Algebraic relationships
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The terms in Equations (1) to (9) are defined in the nomenclature (Section 6). The physical parameters are considered to be independent of the temperature and oxygen vapour and liquid water concentrations.
The heat generation and oxygen consumption caused by the oxidation of cellulosic materials are represented by the second terms on the right-hand sides of Equations (1) and (2), respectively. The heat generated by biological activity is represented by the third term on the right-hand side of equation (1); such an approach for modelling biological activity has been used in a number of models for solid state fermentation processes [10] .
Equations (3) and (4) represent the evaporation and condensation processes within the compost pile. An energy change from these reactions is represented by the fourth term in Equation (1). These equations are based on the works of Gray et al. [6] , Sexton et al. [18] and Sisson et al. [19] . These authors developed models for the self heating process within a bagasse pile that include the effects of variations in state between the vapour and liquid water within a pile and the resultant energy changes. The models were validated by experimental data from a bagasse stockpile.
The algebraic expressions (5) and (6) define the effective thermal conductivity and effective thermal capacity of the compost pile, respectively, in terms of the corresponding properties of air, the compost materials and the moisture content. Equation (7) defines the effective diffusion coefficients for oxygen and vapour.
The effects of moisture on the oxidation and biological reactions are defined in expressions (8) and (9), respectively. To describe these effects on the oxidation reaction, we adopt the assumption of Chen [4] which is that increasing the liquid water content within the pile decreases the oxidation reactions due to the reaction site being covered by water. Beyond the critical value of W c , the oxidation reaction ceases since the liquid water fully covers all the reaction sites.
To model the effects of moisture on the biological reaction, we follow the approach of Kuwahara et al. [12] . The biological reaction normally activates when the water-to-compost weight ratio reaches a threshold value of σ a . Similarly, it deactivates and ceases if the moisture content ratio is greater than the upper threshold of σ b . Between these two ratios, the biological reaction is optimum at the value σ m .
In this analysis, we assume simple boundary conditions for the system. We apply an insulated boundary at the base of the compost pile (
For the other boundaries, the values of the temperature, oxygen and water vapour are assumed to equal the ambient conditions (T = T a , O 2 = O 2a and V = V a ) but, for the liquid water, which it is assumed cannot escape from the compost pile, we still apply the insulating condition (
The initial values of the temperature, oxygen and water vapour distributions within the pile are assumed to be uniform and equal to the ambient conditions. However, the initial value of the liquid water within the pile is varied and the corresponding behaviour of the compost pile is studied.
Numerical solutions
In the next section, the results from the numerical investigation of the governing equations (1) to (4) and their corresponding boundary conditions are presented. They are obtained using the software package Flexpde TM [5] , a space and time adaptive finite element package which minimises errors to a relative error tolerance of less than 0.1%.
The Flexpde
TM results have been independently verified by Lungwilai and Sidhu [14] who used the method of lines. They found that the results obtained using Flexpde TM and the method of lines are almost identical, with the maximum steady state temperature difference being less than 0.5
• K. These two methods also predict the same values for the bifurcation parameters at the limit points. The parameter values used in this investigation are based on those used by Gray et al. [6] , Kuwahara et al. [12] and Sidhu et al. [20] , C41 and are provided in the nomenclature (Section 6).
Results
In this section, we investigate the effects of moisture within the pile. Similar to the analyses by Luangwilai et al. [13] , we set the initial moisture content within the pile, that is, the value of σ(0) (the parameter that represents the water-to-compost weight ratio), and then numerically integrate the governing pdes and corresponding algebraic equations (1)- (9).
Sidhu et al. [20] studied models without moisture content and found that, if the compost pile is too small, its temperature remains in the low temperature region which is not ideal for the biological reaction whereas, for a larger compost pile, the temperature is able to rise to the desirable range (around 50 to 80
• C). However, by further increasing the compost pile size, the possibility of spontaneous combustion also increases. In this analysis, we set the width L of the compost pile to 20 m and its height to 2L/3, a size considered to be sufficiently large to ensure that its temperature is able to increase to the high temperature range, and the effects of the moisture content on self heating can be studied.
Low initial moisture content case (σ(0) = 0.1)
In this case, the initial water-to-compost weight ratio is set to σ(0) = 0.1 , that is, initially there is only 10 percent of water-to-compost weight within the pile. Thus, the pile is considered to be reasonably dry since the typical water content varies from 40 to 80 percent for organic materials depending on their types [7, 17] . Figure 2 shows the time profiles of the maximum temperature, minimum oxygen concentration and water-to-compost weight ratio which, in this case, are almost unchanged for the whole integration time. This is because the water content is too low for microbial activity and there is hardly any biological heating occurring within the pile. Therefore, the values of the temperature, oxygen and water-to-compost weight ratio remain almost at the ambient values for the entire time (noting that oxidation does not occur in low temperature regions).
Haug [7] suggested that composting is a dehydrating environment. When the moisture content within a compost pile is too low, it is often necessary to add water throughout the composting process to enhance the biological reaction and accelerate degradation. Now, the initial water-to-compost weight ratio is increased to σ(0) = 0.5 which is within the ideal range for the biological process. The temperature profile in Figure 3 (a) increases and reaches the desirable temperature range of 323 to 363
• K [17] within 280 days. At this point, the oxygen concentration starts decreasing rapidly (Figure 3(b) ) which is an indication of the oxidation reaction being activated. The water content ratio (Figure 3(c) ) also decreases as the evaporation rate increases due to the effect of higher temperatures.
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Subsequently, the compost temperature gradually increases until it reaches the steady state temperature of around 454
• K at approximately 4500 days. Both the oxygen concentration and water-to-compost weight ratio are reduced to almost zero at approximately 1800 and 3000 days, respectively.
At around 1980 days, the temperature within the compost pile increases beyond 423
• K (150 • C), as represented by the pink horizontal dashed line in Figure 3(a) . This temperature is known to be a typical ignition temperature for compost materials [17] . The transition from an elevated temperature solution to a flaming combustion solution is 'smooth' and not characterised by a bifurcation, or 'jump'.
In this case, there is sufficient water content to sustain the biological process. The temperature increases very quickly at the beginning and, when it becomes too high, the biological activity diminishes but the oxidation reaction 'kicks in' which gradually slows down due to an insufficient supply of oxygen within the pile.
4.3
High initial moisture content case (σ(0) = 0.8) Figure 4 represents the results for the high initial moisture content case in which the water-to-compost weight ratio is set to σ(0) = 0.8 . Initially all the temperature, oxygen concentration and water-to-compost ratio profiles stay close to the ambient conditions for a very long time. However, during this period, the water-to-compost weight ratio decreases gradually due to the evaporation process. Once the water-to-compost weight ratio drops within the optimal range of the biological reaction, the heat generation process increases. This results in a rapid rise in temperature at around 15, 000 days. From this point, the temperature, oxygen concentration and water ratio profiles resemble those of the previous case, that is, when the temperature reaches the elevated range of around 360
• K, its rise slows down. Then, it gradually increases until it reaches the steady state temperature of 455
• K (23, 500 days). In this case, initially there is too much moisture for the biological process to work efficiently. The oxidation process also ceases because water covers the entire reaction cell site. It takes a very long time for the evaporation process to decrease the moisture content to within the desirable range for biological activity. Once again, we believe that when convection is taken into considerationt the drying process will be faster.
Haug [7] stated that, in the composting of municipal and industrial biosolids, sometimes the organic materials contain a significant amount of water (70 to 80 percent). The presence of too much water results in the slowing down of C46 the biological reaction and the cooling of the compost temperature to below the desirable range.
For a high water content, a higher void fraction within the pile is needed for dewatering which can be achieved by mixing materials or using different designs of a windrow compost pile [7, 17] . In some cases, an engineer may use air flow to dry the compost heap. Another problem of an outdoor compost pile is that sometimes rain increases the water content and slows the composting process.
Conclusions
We used a two dimensional, spatially dependent, model to investigate the self heating of a compost pile with different initial water-to-compost weight ratios. The results were similar to those for the one dimensional model studied by Luangwilai et al. [13] .
If the moisture content is too low, there is insufficient moisture to sustain the biological reaction, resulting in low temperatures and a very slow degradation process. For an intermediate water content, the biological process works more efficiently and elevates the temperature to the desirable range for the biological reaction. Once at this elevated temperature range, the oxidation reaction commences and the water content drops quickly which has two effects: it slows the biological reaction; and increases the possibility of spontaneous ignition. On the other hand, if the compost material contains too much moisture, the biological reaction initially slows down and the excess water has to be removed. Once the water content drops to the ideal level, decomposition of the organic materials commences as the biological reaction 'kicks in'.
We plan to extend the current investigation by including terms describing the convection of air and vapour from the ambient surroundings into the compost pile. We will also investigate the effects of the boiling of water at high temperatures. We believe that, by including such factors in our model,
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we are a step closer to developing a realistic model for describing the self heating process in an industrial size compost pile.
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